Abstract. In this note we prove that any toric Fano manifold with nef tangent bundle is a product of projective spaces. In particular, it implies that Campana-Peternell conjecture hold for toric manifolds.
Notation and main result
We will use standard notation for polytopes and toric varieties, as it can be found in [CLS] , [Fu] , [Od] .
Let N ∼ = Z d be a d-dimensional lattice and M = Hom Z (N, Z) ∼ = Z d the dual lattice with , the nondegenerate pairing. As usual, N Q = N ⊗ Z Q ∼ = Q d and M Q = M ⊗ Z Q ∼ = Q d (respectively N R and M R ) will denote the rational (respectively real) scalar extensions.
A subset P ⊆ M R is called a polytope if it is the convex hull of finitely many points in M R . The face of P is denoted by F P. The set of vertices and facets of P are denoted by V (P ) and F (P ) respectively. If V (P ) ⊆ M Q (respectively V (P ) ⊆ M ) then P is called a rational polytope (respectively a lattice polytope).
If P is a rational polytope with 0 ∈ intP, the dual polytope of P is defined by
which is also a rational polytope with 0 ∈ intP * . The fan N P := {pos(F ) : F P * } is called the normal fan of P. Here pos(F ) denotes the cone positively generated by the face F (also called positive hull of F ). It is well-known that a fan Σ in N R defines a toric variety X Σ := X(N, Σ), which automatically admits a torus action and has a Zariski open and dense orbit:
. We denote X P := X NP the toric variety associated with the normal fan N P of the polytope P. It is known that X P is nonsingular if and only if the vertices of any facet of P * form a Z-basis of the lattice M. A d-dimensional polytope P ⊆ M R with 0 ∈ intP is called reflexive polytope if both P and P * are lattice polytopes. A complex variety X is called a Gorenstein Fano variety if X is projective, normal and its anticanonical divisor is an ample Cartier divisor. The following theorem (see [Ni1] ) classifies Gorenstein toric Fano varieties by reflexive polytopes: Theorem 1.1. Under the map P −→ X P reflexive polytopes correspond uniquely up to isomorphism to Gorenstein toric Fano varieties. There are only finitely many isomorphism types of d-dimensional reflexive polytopes.
A Cartier divisor D on a nonsingular variety X is called a nef divisor if the intersectional number D · C ≥ 0 for any irreducible curve C ⊂ X. A line bundle L is called a nef line bundle if the associated Cartier divisor (i.e., L = O X (D)) is a nef divisor. A vector bundle E over X is called a nef vector bundle if the tautological 1 line bundle O P(E * ) (1) on the projective bundle P (E * ) is a nef line bundle. In [CP] , Campana and Peternell conjectured that any Fano manifold with nef tangent bundle is a rational homogeneous manifold. In this note we confirm this conjecture for toric Fano manifold, in fact we get more and obtain the following main theorem: Theorem 1.2. Any toric Fano manifold with nef tangent bundle is a product of projective spaces.
Cartier divisors on complete toric varieties
A fan Σ in N R is complete iff its support |Σ| := ∪ σ∈Σ σ is the whole space N R , which is also equivalent to that the associated toric variety X(N, Σ) is compact in classical topology ( [CLS, Theorem 3.1.9] ).
Let Σ(k) denote the set of k-dimensional cones of the complete fan Σ. The elements in Σ(1) are called rays, and given τ ∈ Σ(1), let u τ denote the unique minimal generator of N ∩ τ. By orbit-cone correspondence ([CLS, Theorem 3.2.6]), a ray τ ∈ Σ(1) gives a T N -invariant Cartier divisor D τ . On a complete toric variety we may write any Cartier divisor as a linear combination of T N -invariant Cartier divisors. Let D = τ ∈Σ(1) a τ D τ be a Cartier divisor on a complete toric variety X Σ , its support function φ D : N R → R is determined by the following properties:
( 
The support function φ D of a Cartier divisor D on a complete toric variety X Σ is called strictly convex if it is upper convex and for each σ ∈ Σ(d) satisfies 
Complete toric variety with reductive automorphism group
The automorphism group Aut(X Σ ) of a nonsingular complete toric variety X Σ was firstly studied by Demazure in [De, Section 4] . Identifying the elements of the Lie algebra of Aut(X Σ ) with the invariant differential operators on the coordinate ring of X Σ , Demazure gave a very simple description of the structure of the Lie algebra of Aut(X Σ ) using the Demazure root system named after him. The Demazure root system R of Aut(X Σ ) has a very simple description:
Note here we use notation of [Ni1, Ni2] , which are different form those in [De] by a minus signature. The Demazure roots in R ∩ −R = {m ∈ R| − m ∈ R} are called semisimple roots. Aut(X Σ ) is a reductive algebraic group iff all Demazure roots in R are semisimple, i.e., R = −R := {−m|m ∈ R}. The following proposition of Nill, Benjamin's will be used in proving our main theorem in the next section.
Proposition 3.1. [Ni2, Proposition 3.18] A d-dimensional complete toric variety is isomorphic to a product of projective spaces iff there are d-linearly independent semisimple roots.
Toric Fano manifolds with nef tangent bundles
The projective space P n is a toric Fano manifold and the following exact sequence
is called the Euler sequence of P d . The following theorem is a toric generalization of this result. 
where ρ is the Picard number of X Σ .
In particular, the canonical divisor and anticanonical divisor of the toric manifold X Σ are respectively given by
Proposition 4.2. Assume X Σ is a toric manifold with nef tangent bundle, then for any τ ∈ Σ(1), the associated T N -invariant Cartier divisor D τ is a nef divisor.
Proof. Since D τ is T N -invariant, it is a smooth hypersurface locating inside X Σ , we have the following exact sequnce
Note the normal sheaf of D τ in X Σ could be identified with O XΣ (D τ ). Since the tangent bundle T XΣ is a nef vector bundle, so is the quotient bundle N Dτ by [DPS, Proposition 1.15] . Hence D τ is a nef divisor. 
is a Griffiths semipositve. The Griffiths semipositivity of tangent bundle T XΣ follows by the generalized Euler sequence via using [Ya, Proposition 3.5] .
Note Theorem 4.3 already implies that Campana-Peternell conjecture holds for toric fano manifolds. In fact, from Theorem 4.3 we know a toric fano manifold X Σ with nef tangent bundle has nonnegative holomorphic bisectional curvature and positive Ricci curvature. By Mok's theorem [Mo] , X Σ is biholomorphic to the product of Hermitian symmetric manifolds. In particular, Aut(X Σ ) is a reductive algebraic group. In the rest part of this note we will give a more precise structure description of a toric fano manifold with nef tangent bundle. Proof. By the definition of the data m σ for the Cartier divisor D τ , we have φ Dτ (u τ ) = m σ , u τ = −1. Now fix a σ ∈ Σ(d). By (4) of Proposition 2.1, m σ ∈ P Dτ if D τ is basepoint free. Note now
hence we have m σ , u τ ′ ≥ 0, ∀τ ′ ∈ Σ(1)\{τ }}, therefore m σ is a Demazure root of Aut(X Σ ). Since Aut(X Σ ) is reductive, it is also a semisimple root. The anticanonical divisor of X Σ is given by K * = D 1 + · · · + D m and it is an ample divisor, the associated polytope
